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Department of Physics, University of Gothenburg
Abstract
We calculated the coupling coefficients for non-linear, quasi-local oscillatory modes of thin
accretion disks. We found that several of them are non-zero. Mode coupling is a necessary
condition for a resonance, and thus our results may be relevant for the recently discussed
QPO resonance model.
1 Introduction
Several galactic black hole and neutron star sources in the low mass X-ray binaries show quasi
periodic variability in their observed X-ray fluxes. Some of the quasi periodic oscillations
(QPOs) have high frequencies, roughly equal to orbital frequencies a few gravitational radii
(rG = 2GM/c
2) from the central object (with the mass M). The high frequency QPOs often
come in pairs (νU, νL) of twin peaks in the Fourier power spectra (see e.g. van der Klis (2000)).
Low frequency QPOs, with frequencies of a few Hz, are also observed.
There is no general agreement on a physical mechanism exciting the twin peak QPOs.
Abramowicz & Kluz´niak (2001) suggested that they may be due to a resonance in some ac-
cretion disk oscillation modes. This suggestion is further supported by other observational
properties of twin peak QPOs. The most important support comes from:
1. Twin peak QPOs are oscillations (waves). In black holes and neutron stars, a linear correla-
tion was found between the high and low frequency QPOs (Psaltis, Belloni & van der Klis
(1999)). The correlation proves that the QPO phenomenon is due to accretion disk oscil-
lations, and not to kinematic effects like e.g. Doppler modulation of fluxes from isolated
hot spots: thus, QPOs are “waves”, not “particles”.
2. Twin peak QPOs origin is connected to strong gravity. The frequencies of twin peak kHz
QPOs in microquasars scale with mass, ν ∼ 1/M , (McClintock, & Remillard (2003)).
This suggests a relativistic origin of them. Indeed, in a strong gravitational field the
frequency scales as ν ∼ c/2GM/c2 ∼ 1/M .
3. Twin peak QPOs are due to a resonance. In all four microquasars in which the twin peak
kHz QPOs have been observed, νU/νL = 3/2. The commensurable frequencies obviously
suggest a resonance (Abramowicz & Kluz´niak (2001)).
The relevant “QPO resonance pair” should be a combination of the normal modes of the
black hole accretion flow oscillations. All normal modes are known in the two mathematically
idealized situations. The first one is the thin disk linear diskoseismology; see reviews by Kato
(2001) and Wagoner (1999). The second one is the thick disk slender torus linear diskoseismology,
see Blaes, Arras & Fragile (2006).
Although picking up the right pair still involves guess work, several authors independently
argued that the epicyclic modes or their combinations, may be particularly interesting in the
context of the high frequency twin peak QPOs — e.g. Stella (1999), Psaltis & Norman (2000),
Kluz´niak W. & Abramowicz M. A. (2002), Kato (2003), Titarchuk (2002).
Abramowicz et al. (2006), Blaes, Arras & Fragile (2006) and Blaes et al. (2007) have studied
properties of oscillation modes in slender tori, while Kato (see Kato (2003), Kato (2004) and
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Kato (2007)) studied a nonlinear resonant coupling between disk oscillations and its deformation.
In this paper we study non-linear three-mode coupling of epicyclic and other modes in the thin
disk case, using a quasi-local approach. We shall discuss similarities and differences between our
and Kato’s work in the last section of this article.
2 Local Analysis of Thin Accretion Disk in Equilibrium
By rescaling each physical quantity describing an accretion disk in equilibrium with its typical
value Q⋆ we get Q¯ = Q/Q⋆ ∼ 1. In a thin accretion disk all quantities describing stationary
states change quickly in the vertical direction (z) and slowly in the radial direction (r). That is
dQ
dr
≪ dQ
dz
. (1)
By rescaling r and z by their typical values r⋆ and z⋆ so that r¯ = r/r⋆ ∼ 1 and z¯ = z/z⋆ ∼ 1 we
write
dQ
dr
=
Q⋆
r⋆
dQ¯
dr¯
(2)
dQ
dz
=
Q⋆
z⋆
dQ¯
dz¯
(3)
where dQ¯/dr¯ ∼ 1 and dQ¯/dz¯ ∼ 1. One introduces the thinness parameter β ≪ 1,(dQ
dr
)
/
(dQ
dz
)
=
z⋆
r⋆
(dQ¯
dr¯
)
/
(dQ¯
dz¯
)
∼ z⋆
r⋆
≡ β. (4)
Considering only a small annulus of the disk, i.e. doing a local approach, it is convenient to
introduce new variables x¯ and y¯ defined as
r − r0
r0
= βx¯,
z
h0
= y¯. (5)
We assume the radial and vertical sizes of the ring to be comparable, that is ℓ ∼ z⋆ or
(ℓ/r0) ≡ βℓ¯ with ℓ¯ = O(1). The part of the disk we are interested in corresponds to the ranges
−ℓ¯ ≤ x¯ ≤ ℓ¯ and −1 ≤ y¯ ≤ 1. Note that the radius r0 and the disk half-thickness h(r0) = h0 can
be taken as typical scales (r⋆ ≡ r0, z⋆ ≡ h(r0) = h0) so that β ≡ h0/r0.
In our calculations we only consider terms of the lowest order of β. The stationary quantities
which will turn out to be important are the angular velocity Ω = ΩK and the speed of sound cs.
According to Kluz´niak & Kita (2000)
n
∂c2s
∂z
= − z
r3
, (6)
where n comes from the equation of state p ∝ ργ = ρ1+1/n. By using the boundary condition
cs(z = h0) = 0 and by integrating equation (6) it is easy to show that
cs =
√
h20 − z2
2nr30
. (7)
A typical scale for the speed of sound is cs⋆ ≡ ωz(r0)h0/
√
2n so that
cs
cs⋆
=
√
h20 − z2
2nr30
√
2n
ωz0h0
=
√
h20 − z2
r30ω
2
z0h
2
0
. (8)
Observing that ω2z0 = ω
2
z(r0) = Ω
2
K(r0) = r
−3
0 equation (8) becomes
cs
cs⋆
=
√
h20 − z2
h20
=
√
1− z
2
h20
=
√
1− y¯2. (9)
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3 Perturbation Equations
Next thing to do is to perturb the equation of motion. This is done by the Lagrangian approach
also used by Nowak & Wagoner (1991), that is
∆
(
Dv
Dt
+
1
ρ
∇p+∇Φ− 1
ρ
F v
)
= 0 (10)
where p is pressure, Φ is gravitational potential and F v is viscous forces. The Lagrangian
perturbation is defined as ∆Q(x, t) = Q(x + ξ, t) − Q0(x, t) where ξ is called the Lagrangian
displacement. Considering a polytropic fluid the perturbation becomes
D2ξi
Dt2
− 1
ρ
∇j
[
p(γ − 1)(∇ · ξ)gij + p∇iξj
]
+ ξj∇j∇iΦ = aiv(ξ) + ain(ξ) (11)
where gij is the metric tensor and D/Dt ≡ ∂/∂t + vk∇k is the Lagrangian flow derivative, see
e.g. Friedman & Schutz (1978) and Lynden-Bell & Ostriker (1967). The nonlinear terms are
collected in an(ξ), and av(ξ) is the contribution of the viscous forces which are ignored in the
calculations. When using cylindrical coordinates (r, φ, z) equation (11) becomes
d2ξr
dt2
− 2Ω dξ
φ
dt
−
[
Ω2 − ∂
2Φ
∂r2
]
ξr + ξφ(vp · ∇)Ω + ∂
2Φ
∂r∂z
ξz
−(∇ · ξ)∂c
2
s
∂r
− c2s
∂(∇ · ξ)
∂r
− n∂c
2
s
∂r
∂ξr
∂r
− n∂c
2
s
∂z
∂ξz
∂r
= arv(ξ) + a
r
n(ξ), (12)
d2ξφ
dt2
+ 2Ω
dξr
dt
−
[
Ω2 − 1
r
∂Φ
∂r
]
ξφ + ξr(vp · ∇)Ω− v
r
r
[
Ωξr +
vr
r
ξφ
]
−1
r
[
c2s
∂(∇ · ξ)
∂φ
+ n
∂c2s
∂r
∂ξr
∂φ
+n
∂c2s
∂z
∂ξz
∂φ
]
= aφv(ξ) + a
φ
n(ξ), (13)
d2ξz
dt2
+
∂2Φ
∂r∂z
ξr +
∂2Φ
∂z2
ξz − (∇ · ξ)∂c
2
s
∂z
− c2s
∂(∇ · ξ)
∂z
−n∂c
2
s
∂r
∂ξr
∂z
− n∂c
2
s
∂z
∂ξz
∂z
= azv(ξ) + a
z
n(ξ) (14)
where the operators are defined as
d
dt
≡ ∂
∂t
+ vk
∂
∂xk
, (vp · ∇) ≡ vr ∂
∂r
+ vz
∂
∂z
. (15)
The stationary quantities appearing in these equations have been calculated. In addition ex-
pressions for the gravitational terms are needed. Some short and simple calculations yield
[
∂2Φ
∂z2
]
z=0
= ω2z ,
[
∂2Φ
∂r2
]
z=0
= ω2r − 3Ω2,[
∂2Φ
∂r∂z
]
z=0
= 0,
[
1
r
∂Φ
∂r
]
z=0
= ω2r . (16)
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Equations (12) - (14) are now divided by Ω2⋆. When collecting the zeroth order terms in β the
resulting equations become
dξφ
dt¯
+ 2ξr = 0, (17)
d2ξr
dt¯2
+ ω¯2rξ
r + ω¯2z
[
y¯
∂ξz
∂x¯
− 1
2n
(1− y¯2)∂ϕ
∂x¯
]
= 0, (18)
d2ξz
dt¯2
+ ω¯2zξ
z + ω¯2z
[
1
n
y¯ϕ− 1
2n
(1− y¯2)∂ϕ
∂y¯
+ y¯
∂ξz
∂y¯
]
= 0, (19)
where t¯ ≡ Ω⋆t. This is the same result as was derived by Nowak & Wagoner (1991). At this
level of approximation d/dt¯ = ∂/∂t¯+ ∂/∂φ and the variable ϕ has been introduced as
ϕ ≡ ∂ξ
r
∂x¯
+
∂ξz
∂y¯
. (20)
4 Lowest-order Linear Equations
The coefficients in the linear equations (18) and (19) do not depend explicitly on t¯, φ and x¯.
Therefore, the solutions of these equations can be found on the form
ξr = e−i(ω¯t¯+mφ+k¯x¯)f(y¯),
ξz = e−i(ω¯t¯+mφ+k¯x¯)g(y¯), (21)
where k¯ is a scaled component of the radial wave-vector. Periodic boundary conditions k¯ = πnr/ℓ¯
are assumed, with nr being an integer wave-number. The wave vector in physical units is given
by k = k¯h−1 = πnr/ℓ. Using the expressions in (21) equation (18) yields
f = ik¯ω¯2z
2ny¯g − (1− y¯2)g′
2n(σ¯2 − ω¯2r)− k2ω2z(1− y¯2)
. (22)
When substituting this result into equation (19) a linear second-order differential equation for
g(y¯) is obtained
(1− y¯2)g′′ − y¯U(y¯)g′ + V (y¯)g = 0 (23)
where the coefficients are given by
U(y¯) ≡ 2n 2(n + 1)(σ¯
2 − ω¯2r )− k¯2ω2z(1− y¯2)
2n(σ¯2 − ω¯2r)− k¯2ω2z(1− y¯2)
, (24)
V (y¯) ≡ 2n(σ¯
2 − ω¯2r)(σ¯2 − ω¯2z)− σ¯2ω¯2z k¯2(1− y¯2)
(σ¯2 − ω¯2r)ω2z
+
4nω2z k¯
2y¯2
2n(σ¯2 − ω¯2r)− k¯2ω2z(1− y¯2)
. (25)
Equation (23) must be completed by the boundary condition stating that the Lagrangian
pressure variations ∆p vanishes at the surface of the unperturbed disk. Since
∆p = −
(
1 +
1
n
)
p∇iξi (26)
and the vertical profile of the pressure is given by p ∝ (1− y¯2)n+1, this condition takes the form
lim
y¯→±1
ϕ(y¯)
(
1− y¯2
)n+1
= 0,
ϕ(y¯) =
2n(σ¯2 − ω¯2r )g′ − k¯2ω2z y¯2g
2n(σ¯2 − ω¯2r)− k¯2ω2z(1− y¯2)
. (27)
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Other boundary conditions are set in the equatorial plane. Considering either even or odd modes
the two possible conditions imposed on g are
g(0) = 0, or g′(0) = 0. (28)
4.1 Isothermal Disk
It is possible to get the equations for vertically perturbed isothermal disk from (23) if n →∞.
But this limit cannot be applied directly to equation (23), because it is derived under the
condition h≪ r. Here the disk thickness, h0, is defined as the height in the z-direction where the
speed of sound vanishes, i.e. cs(z = h0) = 0. The sound speed is constant in vertically isothermal
disks. This leads to that the thickness goes to infinity due to h ∝ n1/2. Therefore the disk
thickness must be redefined. This is done with a new thickness, h⋆, assuming it remains small
and approximately constant when n→∞. The two thicknesses are related as h⋆ = h/(2qn)1/2,
where q is a dimensionless constant. With the new definition of the disk thickness the scaled
lengths x¯ and y¯ also need to be redefined. The new variables x¯⋆ and y¯⋆ are related to the old
ones as x¯⋆ ≡ (2qn)1/2x¯ and y¯⋆ ≡ (2qn)1/2y¯. The boundary conditions are the same as before.
The radial wave-vector k¯⋆ ≡ k¯/(2qn)1/2 has to be reintroduced as well. Now equation (23)
becomes
(
2qn− y¯⋆2
) d2g
dy¯⋆2
− y¯⋆U
(
y¯⋆√
2qn
)
dg
dy¯⋆
+ V
(
y¯⋆√
2qn
)
g = 0 (29)
which in the limit n→∞ gives
q g′′ − y¯g′ + (σ¯
2 − ω¯2r)(σ¯2 − ω¯2z)− qσ¯2ω¯2z k¯2
(σ¯2 − ω¯2r )ω¯2z
g = 0, (30)
where the stars in y¯ and k¯ were omitted. The meaning of q is apparent from the following
relation valid for n <∞
q =
1
2n
(
h
h⋆
)2
=
(
cs
ωzh
)2
. (31)
This can be used to rewrite equation (30) as (as was done by Okazaki et al (1987) and by Kato
in e.g. Kato (2004))
q g′′ − y¯g′ + (nz − 1)g = 0,
nz =
(σ2 − ω2r − c2sk2)σ2
(σ2 − ω2r)ω2z
. (32)
Note that the case nz = 0 is excluded from the discussion because it violates equation (22). This
case corresponds to purely horizontal oscillations.
The factor q in equation (32) can be eliminated by choosing it to be equal to one. Then
equation (32) will become a Hermite equation. The boundary conditions for this equation is
(Okazaki et al (1987))
lim
y¯→±∞
e−y¯
2/4g(y¯) = 0, (33)
which replaces condition (27). The conditions (28) remain valid in the case of the isothermal
disk.
The solution to equation (32) that satisfies the boundary conditions exists only when nz
takes a positive integer value. Then the solutions are given by Hermite polynomials. Now that
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g is known it is possible to get f as well and then the Lagrangian displacement ξ(x¯, y¯, φ) is given
by (time-dependence is omitted)
ξr = iK
k¯
nz
σ¯2
σ¯2 − ω¯2r
H (nz, y¯) e
−i(mφ+k¯x¯), (34)
ξφ = 2K
k¯
nz
σ¯
σ¯2 − ω¯2r
H (nz, y¯) e
−i(mφ+k¯x¯), (35)
ξz = KH (nz−1, y¯) e−i(mφ+k¯x¯), (36)
where K is a normalization constant, and nz = 1, 2, 3 . . .. Hence, a linear mode is determined
by three natural numbers: m, nr and nz. For a particular mode nz − 1 describes the number
of modes in the vertical direction. When nz is even/odd the corresponding mode is symmet-
ric/antisymmetric under the reflection about equatorial plane. The modes with (nr, nz) = (0, 1)
and (1, 2) are analogical to the vertical epicyclic and breathing mode of the slender torus, re-
spectively.
4.2 Purely Vertical Oscillations
Instead of assuming an isothermal disk, i.e. here γ 6= 1, equation (23) can be made easier to
solve by putting k = 0. Then only vertical oscillations will survive. This implies that equation
(24) and equation (25) become
U(y¯) = 2(n + 1), (37)
V (y¯) =
2n(σ¯2 − ω¯2z)
ω¯2z
. (38)
This changes equation (23) into
(1− y¯2)g′′ − 2(n + 1)y¯g′ + 2n(σ¯
2 − ω¯2z)
ω¯2z
g = 0. (39)
The solutions to equation (39) are Jacobi polynomials on the form g = P
(n,n)
N (y¯), where
N=0,1,2... The first four Jacobi polynomials take the forms
P
(n,n)
0 (y¯) = 1,
P
(n,n)
1 (y¯) = (n+ 1)y¯,
P
(n,n)
2 (y¯) =
1
4
(n+ 2)(2n + 3)y¯2 − 1
2
(n+ 2),
P
(n,n)
3 (y¯) =
(n + 3)(n+ 2)
8
(
4n + 10
3
y¯3 − 2y¯
)
. (40)
The dispersion relation in this case becomes
σ¯2 = (N + 1)ω¯2z
(
N
2n
+ 1
)
. (41)
The Lagrangian displacement for vertical oscillations is given by
ξr = 0
ξφ = 0
ξz = Ke−imφP
(n,n)
N (y¯) (42)
where the time dependence is omitted.
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5 Nonlinear Pressure Coupling
In the calculations to obtain the nonlinear pressure coupling coefficients we closely follow the
formalism of Schenk et al (2001). A compact way to write equations (12)–(14) is
∂2ξ
∂t2
+ S
∂ξ
∂t
+ Tξ(x) = 0, (43)
The solution to equation (43) can be assumed to be on the form of normal modes
ξα(x, t) = e
−iωαtξα(x) (44)
where ξα is the corresponding eigenfunction. Inserting the assumption into equation (43) gives
− ωα2ξα(x)− iωαSξα(x) + Tξα(x) = 0. (45)
The linear modes are determined by three integer numbers m, nr and nz and form a complete,
generally non-orthonormal basis in the Hilbert space H of all possible Lagrangian displacements
with the scalar product defined as
〈ξ, ξ′〉 ≡
∫
V
ρ ξ⋆ · ξ′ dV. (46)
Inspecting equations (12)–(14) we find that the operators S and T are respectively anti-Hermitian
and Hermitian with respect to the above scalar product. As shown by Schenk et al (2001) the
eigenfunctions of the modes satisfy the pseudo-orthogonality relation
(ωα + ωβ)〈ξα, ξβ〉+ 〈ξα, iSξβ〉 = 0. (47)
Looking at equation (43) and now including nonlinear terms in ξ but still only zeroth order
terms in β the equation will become
∂2ξ
∂t2
+ S
∂ξ
∂t
+ Tξ(x) = a(ξ), (48)
where a(ξ) represents effects of nonlinear accelerations. Thanks to the completeness of the
linear-mode eigenfunctions, the solution of the nonlinear equation (48) can be found on the
form
ξ(t, φ, x¯, y¯) =
∑
α
cα(t)ξα(φ, x¯, y¯) + cc (49)
where ‘cc‘ denotes complex conjugate and ξα denotes eigenfunctions of the linear modes, α =
(m,nr, nz). The problem with non-orthogonality of the basis can be handled by carrying out this
expansion in phase-space rather than just in configuration space (Schenk et al (2001)). Hence
the time derivative of the Lagrangian displacement is expanded as
∂tξ(t, φ, x¯, y¯) =
∑
α
−iωαcα(t)ξα(φ, x¯, y¯) + cc. (50)
Considering three different expressions using equation (49)
〈ξα, ωαξ〉 = ωα〈ξα,
∑
cβξβ〉 =
∑
cβωα〈ξα, ξβ〉, (51)
〈ξα, iξ˙〉 = 〈ξα, i
∑
β
−iωβcβξβ〉 =
∑
ωβcβ〈ξα, ξβ〉, (52)
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〈ξα, iSξ〉 = 〈iSξα,
∑
cβξβ〉 =
∑
cβ〈iSξα, ξβ〉 (53)
and then summing these gives
〈ξα, ωαξ + iξ˙ + iSξ〉 =
∑
β
cβ(〈ξα, ξβ〉(ωα + ωβ) + 〈iSξα, ξβ〉). (54)
Due to that non-zero terms only exist when α = β (as follows from the pseudo-orthogonality
condition) equation (54) will become
〈ξα, ωαξ + iξ˙ + iSξ〉 = cα(2ωα〈ξα, ξα〉+ 〈ξα, iSξα〉), (55)
where (2ωα〈ξα, ξα〉+ 〈ξα, iSξα〉) is defined as bα.
Looking again at equation (48) and performing a scalar product with ξα gives
〈ξα,
∂ξ˙
∂t
+ Sξ˙〉︸ ︷︷ ︸
I
+ 〈ξα, Tξ〉︸ ︷︷ ︸
II
= 〈ξα,a(ξ)〉. (56)
Expanding I and II separately will give
I =
∂
∂t
〈ξα, ξ˙ + Sξ〉 = −i
∂
∂t
〈ξα, iξ˙ + iSξ + ωαξ〉+ i
∂
∂t
〈ξα, ωαξ〉
= −i ∂
∂t
cαbα +
∂
∂t
〈ξα, ωαξ〉 = −ibα
dcα
dt
+ 〈ξα, iωαξ˙〉, (57)
II = 〈ξα, Tξ〉 = 〈Tξα, ξ〉 = 〈ω2αξα + iωαSξα, ξ〉
= ωα〈ωαξα + iSξα, ξ〉 = ωα〈ξα, ωαξ + iSξ〉, (58)
where equations (55) and (45) have been used. Equation (56) now becomes
− ibαdcα
dt
+ ωα〈ξα, iξ˙ + ωαξ + iSξ〉 = 〈ξα,a(ξ)〉. (59)
Rearranging equation (59) gives
dcα
dt
+ iωαcα =
i
bα
〈ξα,a(ξ)〉, (60)
which can be seen as a set of ordinary differential equations for many harmonic oscillators. The
scalar product on the right-hand side of equation (60) can be expressed as
〈ξα,a(ξ)〉 =
∑
β,γ
κα¯βγcβcγ + κα¯β¯γc
⋆
βcγ + κα¯βγ¯cβc
⋆
γ + κα¯β¯γ¯c
⋆
βc
⋆
γ , (61)
when considering only quadratic terms of ξ in a(ξ) and where κ is defined as
καβγ = 〈ξα,a(ξβ, ξγ)〉. (62)
In order to get the coupling coefficients it is necessary to find an explicit expression for the
acceleration. It can be done by adopting the formalism used by Kumar & Goldreich (1989),
starting with expanding the Lagrangian density as
L = L0 + L1 + L2 + L3 + . . . , Ln ∝ |ξ|n , (63)
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where L1 is the first order contribution describing the stationary flow while the second order
part, L2, gives the equation for linear perturbations. The higher order terms gives the nonlinear
evolution of the linear modes. Expanding L leads to that the Euler-Lagrangian equations can
be applied as follows
EL(L) = EL(L0) + EL(L1) + EL(L2) + EL(L3) + . . . = 0. (64)
Considering only the first orders of perturbations gives
EL(L2) = −EL(L3) ≡ ρa(ξ) (65)
since both EL(L0) and EL(L1) are zero. a(ξ) is as before an acceleration due to the nonlinear
terms. The equation describing the Lagrangian density is
L =
1
2
ρ(vi + ∂tξ
i + vk∇kξi)2 − p J
1−γ
γ − 1 − ρΦ(x
i + ξi), (66)
where vi, ρ and p are the velocity, density and pressure of the stationary flow, Φ is the gravita-
tional potential and J is the Jacobian defined as
J1−γ = 1 + (1− γ)∇ξ + 1
2
(1− γ)((1 − γ)(∇ξ)2 −∇iξj∇jξi)−
1
6
(1− γ)((γ − 1)2(∇ξ)3 + 3(γ − 1)(∇ξ)∇jξk∇kξj + 2∇iξj∇jξk∇kξi. (67)
To get L3 only terms with ξ
3-dependence contribute. This leads to that only the second term in
equation (66) contributes to L3. Using equation (67) and the fact that a(ξ) = EL(L3)/ρ (from
equation (65)) it is now possible to write down an expression for the coupling coefficients. The
three-mode coupling coefficient καβγ is then given by
καβγ =
1
2
∫
V
{
p(γ − 1)2ηαηβηγ + 3p(γ − 1)η[αηβγ] + 2pηαβγ − ρ ξiαξjβξkγ∇i∇j∇kΦ
}
dV, (68)
where γ = 1 + 1/n and square bracket denotes symmetrization. The following definitions has
been done to simplify the equation
ηα ≡ ∇ · ξα, ηαβ ≡ (∇iξjα)(∇jξiβ), ηαβγ ≡ (∇iξjα)(∇jξkβ)(∇kξiγ). (69)
While the first three terms of the integrand in equation (68) are responsible for the pressure
coupling, the last term governs the gravitational coupling. In the thin disk p ∼ β2ρ and the last
term is therfore beta-times smaller than the previous ones.
5.1 Isothermal Disk
We have then looked at the case of an isothermal disk. The equation for the coupling coefficients
(equation (68)) will simplify due to the fact that γ = 1 for isothermal disks and if only terms
with the lowest order of β are kept. The only surviving term in (68) is then
καβγ =
∫
V
p(∇iξjα)(∇jξkβ)(∇kξiγ)dV, (70)
where
(∇iξjα)(∇jξkβ)(∇kξiγ) = (∂iξjα + Γjilξlα)(∂jξkβ + Γkjmξmβ )(∂kξiγ + Γiknξnγ ). (71)
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Because low power of β is desired the only term kept from (71) is
(∂iξ
j
α)(∂jξ
k
β)(∂kξ
i
γ). (72)
If symmetry in φ direction is assumed and the indicies are run over the scaled r and z, see
equation (5), the result will be
(∂iξ
j
α)(∂jξ
k
β)(∂kξ
i
γ) =
1
β3r30
{
(∂x¯ξ
r
α)(∂x¯ξ
r
β)(∂x¯ξ
r
γ) + (∂x¯ξ
z
α)(∂y¯ξ
r
β)(∂x¯ξ
r
γ) + (∂x¯ξ
z
α)(∂y¯ξ
z
β)(∂y¯ξ
r
γ)
+(∂y¯ξ
z
α)(∂y¯ξ
r
β)(∂x¯ξ
z
γ) + (∂y¯ξ
z
α)(∂y¯ξ
z
β)(∂y¯ξ
z
γ) + (∂y¯ξ
r
α)(∂x¯ξ
r
β)(∂x¯ξ
z
γ)
+(∂y¯ξ
r
α)(∂x¯ξ
z
β)(∂y¯ξ
z
γ) + (∂x¯ξ
r
α)(∂x¯ξ
z
β)(∂y¯ξ
r
γ)
}
. (73)
Looking at one term at a time and using the Lagrangian displacements from equations (34)-
(36) gives
(∂x¯ξ
r
α)(∂x¯ξ
r
β)(∂x¯ξ
r
γ) = Ae
−i(mαβγφ+k¯αβγ x¯)HnαHnβHnγ
A =
K3k¯2αk¯
2
β k¯
2
γ σ¯
2
ασ¯
2
βσ¯
2
γ
nαnβnγ(σ¯2α − ω¯2r)(σ¯2β − ω¯2r )(σ¯2γ − ω¯2r)
, (74)
(∂x¯ξ
z
α)(∂y¯ξ
r
β)(∂x¯ξ
r
γ) = Be
−i(mαβγφ+k¯αβγ x¯)HnγHnα−1Hnβ−1
B =
K3k¯αk¯β k¯
2
γ σ¯
2
βσ¯
2
γ
2nγ(σ¯
2
β − ω¯2r )(σ¯2γ − ω¯2r)
, (75)
(∂x¯ξ
z
α)(∂y¯ξ
z
β)(∂y¯ξ
r
γ) = Ce
−i(mαβγφ+k¯αβγ x¯)Hnα−1Hnβ−2Hnγ−1
C =
K3k¯αk¯γ σ¯
2
γ(nβ − 1)
2(σ¯2γ − ω¯2r)
, (76)
(∂y¯ξ
z
α)(∂y¯ξ
r
β)(∂x¯ξ
z
γ) = De
−i(mαβγφ+k¯αβγ x¯)Hnα−2Hnβ−1Hnγ
D =
iK3k¯β k¯
2
γ σ¯
2
βσ¯
2
γ(nα − 1)
2nγ(σ¯
2
β − ω¯2r)(σ¯2γ − ω¯2r)
, (77)
(∂y¯ξ
z
α)(∂y¯ξ
z
β)(∂y¯ξ
z
γ) = Ee
−i(mαβγφ+k¯αβγ x¯)Hnα−2Hnβ−2Hnγ−2
E = K3(nα − 1)(nβ − 1)(nγ − 1), (78)
(∂y¯ξ
r
α)(∂x¯ξ
r
β)(∂x¯ξ
z
γ) = F e
−i(mαβγφ+k¯αβγ x¯)Hnα−1HnβHnγ
F =
K3k¯αk¯
2
β k¯γ σ¯
2
ασ¯
2
β
nβ(σ¯2α − ω¯2r )(σ¯2β − ω¯2r)
, (79)
(∂y¯ξ
r
α)(∂x¯ξ
z
β)(∂y¯ξ
z
γ) = Ge
−i(mαβγφ+k¯αβγ x¯)Hnα−1Hnβ−1Hnγ−2
G =
K3k¯αk¯β(nγ − 1)
2(σ¯2α − ω¯2r)
, (80)
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(∂x¯ξ
r
α)(∂x¯ξ
z
β)(∂y¯ξ
r
γ) = Je
−i(mαβγφ+k¯αβγ x¯)HnαHnβ−1Hnγ−1
J =
K3k¯2αk¯β k¯γ σ¯
2
ασ¯
2
γ
2nα(σ¯2α − ω¯2r)(σ¯2γ − ω¯2r)
. (81)
Here H ′m = mHm−1 (m 6= 0 and H ′0 = 0), mαβγ = mα+mβ +mγ and k¯αβγ = k¯α+ k¯β + k¯γ have
been used. Adding the individual terms together gives
καβγ =
1
β3r30
∫
V
p(AHnαHnβHnγ +BHnγHnα−1Hnβ−1 + CHnα−1Hnβ−2Hnγ−1
+DHnα−2Hnβ−1Hnγ +EHnα−2Hnβ−2Hnγ−2 + FHnα−1HnβHnγ
+GHnα−1Hnβ−1Hnγ−2 + JHnαHnβ−1Hnγ−1)e
−i(mαβγφ+k¯αβγ x¯)dV. (82)
The only φ-dependence is in e−imαβγφ = cos(mαβγφ) − i sin(mαβγφ). The integral is over an
even interval, which implies that mαβγ = 0 otherwise κ is equal to zero. This also applies to the
x¯-dependence and gives k¯αβγ = 0. For isothermal disks the pressure is p = c
2
s,0ρ0e
−y¯2/2. Putting
all this together gives
καβγ =
4πlc2s,0ρ0
β3r30
∫
∞
0
e−y¯
2/2(AHnαHnβHnγ +BHnα−1Hnβ−1Hnγ
+CHnα−1Hnβ−2Hnγ−1 +DHnα−2Hnβ−1Hnγ + EHnα−2Hnβ−2Hnγ−2
+FHnα−1HnβHnγ +GHnα−1Hnβ−1Hnγ−2 + JHnαHnβ−1Hnγ−1)dy¯. (83)
To simplify further we have looked at different properties of Hermite polynomials. The product
of two Hermite polynomials can be expressed as
HiHj = i!j!
min(i,j)∑
r=0
1
r!(i− r)!(j − r)!Hi+j−2r. (84)
Multiplying equation (84) with a third Hermite polynomial along with the exponential function
that appears in equation (83) and then integrating yields
∫
∞
0
HiHjHke
−y¯2/2dy¯ =
i!j!
2
min(i,j)∑
r=0
1
r!(i− r)!(j − r)!
∫
∞
−∞
Hi+j−2rHke
−y¯2/2dy¯. (85)
The orthogonality condition for Hermite polynomials is∫
∞
−∞
HiHje
−y¯2/2dy¯ = j!
√
2πδij . (86)
Using this in equation (85) gives
∫
∞
0
HiHjHke
−y¯2/2dy¯ =
√
π
2
i!j!k!
min(i,j)∑
r=0
1
r!(i− r)!(j − r)!δi+j−2r,k. (87)
This gives the condition that
Iijk =
∫
∞
0
HiHjHke
−y¯2/2dy¯ 6= 0 (88)
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when i+ j − 2r = k, that is r = (i+ j − k)/2. Using this equation (87) becomes
Iijk =
√
π
2
i!j!k!(
i+j−k
2
)
!
(
i−j+k
2
)
!
(
−i+j+k
2
)
!
(89)
with the constraints that i + j ≥ k, i + k ≥ j, j + k ≥ i and (i + j + k)/2 ∈ Z. Now equation
(83) can be expressed simpler
καβγ =
4πlc2s,0ρ0
β3r30
(
AInα,nβ ,nγ +BInα−1,nβ−1,nγ +CInα−1,nβ−2,nγ−1 +DInα−2,nβ−1,nγ
+EInα−2,nβ−2,nγ−2 + FInα−1,nβ ,nγ +GInα−1,nβ−1,nγ−2 + JInα,nβ−1,nγ−1
)
. (90)
5.2 Purely Vertical Oscillations
As in the isothermal case we only want terms with low order of β in equation (68), but here
γ 6= 1. Since ξz is the only surviving term we get
ηαηβηγ = η[αηβγ] = ηαβγ =
K3
β3r30
e−3imαβγφ(∂y¯Pnα)(∂y¯Pnβ )(∂y¯Pnγ ). (91)
This gives coupling coefficients
καβγ =
1
2
∫
V
(p(γ − 1)2 + 3p(γ − 1) + 2p) K
3
β3r30
e−3imφ(∂y¯Pnα)(∂y¯Pnβ )(∂y¯Pnγ )dV
=
1
2
K3
β3r30
∫
V
e−3imφpγ(γ + 1)(∂y¯Pnα)(∂y¯Pnβ )(∂y¯Pnγ )dV. (92)
In this case the pressure is p = p0(1 − y¯2)n+1. For the same reasons as in the isothermal case,
mαβγ = 0. Using this the final expression will be
καβγ =
K3
β3r30
πp0γ(γ + 1)
∫ 1
−1
(1− y¯2)n+1(∂y¯Pnα)(∂y¯Pnβ )(∂y¯Pnγ )dy¯. (93)
6 Summary of the Results
In the case of isothermal disk, see equation (83), the following selection rules yield:
ni ≥ 1 where i = α, β, γ otherwise κ is undefined
nα, nβ , nγ ≥ 1 gives the following constraints on Iijk:
(i+ j + k)/2 ∈ Z
i+ j ≥ k
i+ k ≥ j
j + k ≥ i
It can be noted that κ in this case is always nonzero. Some examples of coupling coefficients
follows:
κ111 =
4πlc2s,0ρ0
β3r3
0
F
√
π
2
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κ112 =
4πlc2s,0ρ0
β3r3
0
(2A+G+ J)
√
π
2
κ122 =
4πlc2s,0ρ0
β3r3
0
2F
√
π
2
κ222 =
4πlc2s,0ρ0
β3r3
0
(8A+ 2B + C + E +G+ 2J)
√
π
2
κ223 =
4πlc2s,0ρ0
β3r3
0
6F
√
π
2
κ233 =
4πlc2s,0ρ0
β3r3
0
(36A + 6B + 2C + E + 2G+ 8J)
√
π
2
κ333 =
4πlc2s,0ρ0
β3r3
0
(6D + 36F )
√
π
2
In the case of only vertical oscillations, see equation (93), the selection rules becomes more
compact. The only cases when κ is nonzero are when nα, nβ and nγ is all odd, or when two of
them are even and one is odd.
7 Discussion and Conclusions
In this work we examined nonlinear interactions between linear modes of the thin accretion
disk. Our approach is analogous to those used in problems of nonlinear stellar pulsation (see
e.g. works of Lynden-Bell & Ostriker (1967), Friedman & Schutz (1978), Schutz (1980a), Schutz
(1980b), Schenk et al (2001) and many others). The Lagrangian displacement that characterize
the resulting oscillations is given by equation (49), the time-dependent coefficients cα(t) are
solutions of the coupled-anharmonic-oscillators equations (60). Hence, a problem of solving
nonlinear partial differential equations has been reduced to a problem of finding solutions of
many ordinary differential equations (Schenk et al 2003). In the rest of the paper we concentrated
on the effects of quadratic nonlinearities and gave explicit formulae for the three-mode coupling
coefficients καβγ .
Our key assumption is a completeness of the eigenfunctions of the linear normal modes. We
note that previous analysis of linear oscillations by groups of Kato and Wagoner result in such
complete set of eigenfunctions. For simplicity, we consider here an idealized situation of an
isothermal disk. Moreover, another substantial approximation is that the nonlinear interactions
among modes are studied in a small annuli whose radial extension is of the order of the thickness
of the disk. Under these simplifications the eigenfunctions of the disk are remarkably simple.
The next necessary step is to use the WKBJ approximation to describe the radial structure of
the modes. Preliminary results show that the three modes interact only locally, close to radii,
where a condition kα ± kβ ± kγ ≈ 0 is met (kµ are wavevectors of the modes).
The coupling coefficient characterize energy exchange between modes due to nonlinear in-
teractions. In our analysis the disk is made of a polytropic flow with no magnetic field. Hence
the only contributions to the coupling coefficient are pressure and gravity forces. As we demon-
strated in section 5 the contribution of the latter is negligible for a thin accretion disk.
In section 6 simple selection rules for the three-mode coupling coefficients are derived. They
are based on the symmetry properties of the modal eigenfunctions. In principle, a nonlinear
interaction among modes is possible only when (nα + nβ + nγ) is an even number, where nµ
denote quantum numbers that characterize vertical structure of the modes. The second necessary
condition is the “triangle inequality”: each quantum number must not be greater then the sum
of the remaining two. Hence, nonlinear interactions of two oscillation modes (with quantum
numbers nα and nβ) may lead to an excitation of many others modes.
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There is an important physical difference between the type of resonance studied here and
that studied in several recent papers by Kato (see Kato (2003), Kato (2004) and Kato (2007)).
We deal with a resonance that is excited by a nonlinear three-mode coupling of disk oscillatory
modes, and Kato consideres a nonlinear resonant coupling between disk oscillations and its
deformation. In Kato’s picture the deformation (assumed to be a fixed perturbation on the
disks) is essential, as it provides the energy for the resonance excitation. Contrary to what is
studied in the present paper, in Kato’s resonance no direct couplings between the disk oscillations
are considered.
The mathematical formalism used in this paper may also be used to study several other issues:
linear and nonlinear viscous damping of the modes, possible excitation mechanisms, or low-
frequency modulations of the high-frequency oscillations proposed by Abramowicz & Kluzniak
as an underlying mechanism for Psaltis, Belloni & van der Klis (1999) correlation. They will
be addressed in our future research. We believe that the formalism may be useful for a future
development of the general theory of nonlinear diskoseismology.
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Department of Go¨teborg University, under supervision of M.A. Abramowicz. We thank him for
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for explaining us the multiple scales method. Part of this research was carried out at Nordita
in Copenhagen and at the Institute of Astronomy in Prague. We thank these institutions, In-
ternational Astronomical Union, Copernicus Center in Warsaw and also Go¨teborg University,
for their support through several research and travel grants, in particular the Polish KBN grant
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References
Abramowicz, M. A. (editor), 2005, a collection of reviews in vol. 326 of Astronomische
Nachrichten
Abramowicz M. A., Blaes O. M., Hora´k J., Kluz´niak W. & Rebusco P., 2006, Class. Quantum
Grav., 23, 1689
Abramowicz, M. A. & Kluz´niak, W., 2001, Astr. Ap., 374, L19
Blaes O. M., Arras P. & Fragile P. C., 2006, Mon. Not. Roy. Astr. Soc., 369, 1235
Blaes O. M., Sˇra´mkova´ E., Abramowicz M. A., Kluz´niak W. & Torkelsson U., 2007, Ap.J., in
press, arXiv:0706.4483v1 (astro-ph)
Friedman, J. L., & Schutz, B. F. 1978, APJ, 221, 937
Kato, S., 2001, PASJ, 53, 1
Kato, S., 2003, PASJ, 55, 801
Kato, S., 2004, PASJ 56, 905
Kato, S., 2007, arXiv:0709.2467
Kluz´niak W. & Abramowicz M. A., 2002, astro-ph/0203314
Kluz´niak, W. & Kita, D. 2000, astro-ph/0006266
Kumar, P. & Goldreich, P., 1989, ApJ, 342, 558
14
Local Analysis of Nonlinear Oscillations of Thin Accretions Disks
Lynden-Bell, D., & Ostriker, J. P. 1967, MNRAS, 136, 293
McClintock, J. E., & Remillard, A. R., 2003, astro-ph/0306213
McClintock, J. E., & Remillard, A. R., 2005, in Compact Stellar X-ray Sources, eds. Lewin,
W. H. G & van der Klis, M. (Cambridge University Press: Cambridge)
Nowak, M. A., Wagoner, R. W. 1991, ApJ 378, 656
Okazaki, A. T., Kato, S., Fukue, J. 1987, PASJ 39, 457
Psaltis D., Belloni T. & van der Klis M., 1999, ApJ. 520, 262
Psaltis D.& Norman C., 2000, astro-ph/0001391v1
Schenk A. K., Arras P., Flanagan E´. E´., Teukolsky S. A. Wasserman I. 2001, PhysRev D 65,
024001
Schutz, F. B. 1980a, MNRAS 190, 7
Schutz, F. B. 1980b, MNRAS 190, 21
Stella L., 1999, Phys. Rev. Lett., 82, 17
Titarchuk L., 2002, Ap.J.Letters, 578, L71
van der Klis M., 2000, Ann. Rev. of A&A, 38, 717
Wagoner, R. W., 1999, Physics Reports, 311, 259
15
